Abstract. The theory of solid angles in polytopes has nice results, but there is still a lot that is not known. For an integral polytope P, define AP(t) as the sum of the solid angles of all the integer points in tP. It turns out that this function agrees with a polynomial for all positive integers, and it was an open question whether this polynomial could have negative coefficients or not. In this note, we present an infinite class of polytopes whose solid angle polynomials do have negative coefficients.
The purpose of this note is to answer an open question posed in [1, Chapter 11] regarding the coefficients of solid angle polynomials of integral polytopes. Before doing so, we give a very brief introduction to Ehrhart theory and the theory of solid angles without any proofs. The interested reader can find proofs in [1] .
Given a polytope P ⊆ R d with integer vertices (an integral polytope), define the function
where tP = {tx : x ∈ P}. It was shown by Ehrhart in [3] that this function agrees with a polynomial for all positive integers, and we call it the Ehrhart polynomial of P. Denote the interior of P as P • (here we mean interior with respect to the affine span of P); the following reciprocity law holds:
We will need to know a few properties of Ehrhart polynomials. Namely, the degree of the polynomial is the dimension of the polytope, and the leading coefficient is its volume with respect to its affine span. The second leading coefficient is half of the sum of the volumes of the facets with respect to their affine spans. In particular, these two coefficients are never negative.
We now turn our attention to solid angles. Fix a full-dimensional integral polytope P ⊆ R d . Let B(r, x) denote the ball of radius r centered at the point x. Then define the solid angle at x with respect to P to be
vol(B(r, x)) .
The above limit eventually becomes constant after some r, so it always exists. The function
is also known to agree with a polynomial for all positive integers, which we call the solid angle polynomial of P. We give a brief outline of why this is true. First, for a facet F ⊆ P, define the solid angle of F to be the solid angle of any point in F • , and denote it by ω P (F). Once one verifies that the result follows since L F • (t) is a polynomial for all faces F.
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Not much is known about solid angle polynomials. While Ehrhart polynomials can be computed using programs such as normaliz [2] , there is currently no software available for computing solid angle polynomials, so it is difficult to obtain data for making conjectures. The remainder of this note provides a class of polytopes whose solid angle polynomials have negative coefficients, which closes an open question in [1, Chapter 11] . In order to do so, we need to know the Ehrhart polynomial for a certain class of tetrahedrons. Lemma 1. For any positive integer h, the tetrahedron P h with vertices (0, 0, 0), (1, 0, 0), (0, 1, 0) , and (1, 1, h) has Ehrhart polynomial
Proof. The volume of P h is h 6 and each facet of P h has volume 1 2 relative to its affine span as a consequence of Pick's theorem for lattice polygons and the fact that each facet has no interior integer points. These two data give the first two leading coefficients of L P h (t). It is well-known that the constant term of an Ehrhart polynomial is always 1, so to get the coefficient of t we just need the value of L P h (t) at one point. Fortunately, the integer points of P h are exactly its vertices, which gives L P h (1) = 4, and the desired result.
Proposition 2. The coefficient of t in
Proof. To compute A P h (t), we use (2) to get
In particular, we are only interested in the coefficient of t in A P h (t). Since the degree of an Ehrhart polynomial is equal to the dimension of the polytope, we can ignore the sum involving vertices. Also, the coefficient of t in L F (t) for a facet F is positive because it is the second leading coefficient, so the coefficient of t in L F • (t) is negative by (1) . Finally, each edge has volume 1 with respect to its affine span, so L e • (t) = t − 1 for all edges of P h . The solid angle ω P (e) is at most 1, and ω P (P) = 1, so using Lemma 1, one obtains
Setting h > 48 guarantees that the coefficient of t is negative.
There is another related question regarding solid angle polynomials. For the Ehrhart polynomial of an integral polytope P, the Ehrhart series is defined as
It is well-known that if the coefficient of a generating function is given by a polynomial, then that generating function can be expressed as a rational function. It was proved by Stanley in [4] that the coefficients of the numerator polynomial of the Ehrhart series are always nonnegative. No such result is known if we replace the Ehrhart polynomial with the solid angle polynomial.
1 A technicality arises when F is a vertex, but in this case its interior is defined to be itself.
